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problem, Hence, solution of (3. 25) can also be regarded as computation of the optimal
correction in the case when only one measurement is possible during motion, It is expe-
dient to make this measurement immediately before correction, i. e, at the instant ¢
given by Egs, (3,25),
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Questions arising in solving the problem of design of the optimum contour of the super-
sonic portion of plane and axisymmetric nozzles for flows involving any nonequilibrium
processes are considered, An investigation is carried out on the example of the flow of
gas containing foreign particles (solid, or liquid) by using Lagrange mutltipliers in the
form first applied to problems of supersonic gas dynamics by Guderley and Armitage f1].
The exactly formulated problem of design of the supersonic portion of plane and axi-
symmetric nozzles for nonequilibrium flows were considered in papers [2 and 3], while
papers [4 and 5] dealt with the problem of flow of gas with foreign particles, In deriving
the conditions necessary for the determination of the optimum authors of these papers
had considered that case only in which the first set characteristic bounding on the right
the region of influence of the sought contour intersects the rarefaction wave beam clo-
sing characteristic originating in the flow past the starting point of a (contour) kink, or
in the case of a curvature constraint in the flow past the initial section of the maximum
permissible curvature (*)., The consideration of that case only appeared natural, as for

¢) As will be clear from the following, in this case in the system of conditions derived
in [4 and 5] the conditions along the particle streamline separating the region containing
particles from the particle-free gas have been lost.
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stabilized flows the given configuration was the only one possible [6]. Solution of vari-
ational problems in univariate approximation [7—10] had at the same time shown that
with nonequilibrium flows an increase of the nozzle optimum length for a given back
pressure always results in an increase of its thrust, contrary to the equilibrium case in
which there exists a certain nozzle length beyond which the thrust ceases to increase,
From the solution of the variational problem of the optimum slender profile for non-
equilibrium flows [11] it follows moreover that nonequilibrium leads to the decrease of
the kink magnitude at its starting point, These conclusions are in agreement with physi-
cal concerts of the relation between thrust losses and deviation from equilibrium, It
appears therefore expedient to consider as a possible optimal configuration, besides the
scheme investigated in [2~—5], the contour the closing characteristic of which begins at
the axis of symmetry outside of the rarefaction wave beam,. It appears that if such a
contour is optimal, it must have inner kink points,

1, Using the model of a two-velocity two-temperature continuous medium as an
approximation, we shall consider a stationary or axisymmetric flow of a mixture of gas
and foreign particles (solid or liquid), Let &, ¥ be orthogonal coordinates with the
Z-axis directed from left to right along the axis of symmetry, p the density, p the pres-
sure, h the specific enthalpy, V = (u, ) the gas velocity vector, P4 the mean density,
T ,the temperature, ¢, = ¢, (T,) the specific inner energy, V, = (u,,?,) the "gas-
particle” velocity vector, f = (f,, f,) the gas and particles interaction force, and ¢
the heat flux between these both related to the particle unit mass, with ¥ = 0, or 1 for
the plane and axisymmetric cases respectively, Then, in the absence of phase transfers,
external forces and heat sources, and neglecting the volume of particles, the flow here
considered will be defined by Egs, (see e.g.,[12])

1 dp Py
Ll—u’az_f' paz+—f==0

L,:uaz—f— > “""’+"‘f,,—o
LsEPg'FPa; u%+v@+‘$—v=0
L‘:—:uﬂ‘—}—vg—:——%%-—%g{-}—N:O

Ly= ""°+v,"“’ fe =0, L.Eu,%-l—v,aa—';--—fu:O (1.1)
L—a“‘+a”‘+;"%+:"’;’;+

Li=u 3t 40,5 —g=0 (N =‘;A[(V.—V>f+q1)

System (1,1) is completed by the expressions of A, f and g, which we shall write in

the form
h=h (p$P)1 f—f (P,p, U, U, Uyy Uy TO)’ q=9 (Pop, U, D, Ugy Uy, Tc)

This assumes in particular a thermodynamic equilibrium of the gas (but not between
the gas and particles),

Forw = | V | > a, where ¢ is the velocity of sound in the gas , and is expressed by:

= (1 — php)/ ph,  (0p = (90 / 3p),s we,= (30 / 3p)p)

system (1, 1) has four sets of real characteristics, These are the gas streamlines along
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which
vz’ —u=0, ph'— vop’+ pN=0, vip+pw/2)+pdV=0 (1.2
the particle streamlines where
Ut —uy =0, v,(03) —2V, =0, ve, —qg=0 e = |V, ) (1.3)
and two sets of Mach lines satisfying Egs,

—uv +a Ywi—ad
a’ — p3

a®+ u (va’' —u)
pr’

Pg [d 1
+ a2 (va’ — u) (%—va —-p—l"\::-)-'-—p;-[ai.*. u (vz’ — u)} (fx+ T,V) =0 (1.4)

P+ atow’ o (a1 — (v — upt] +

Primes in (1.2) — (1, 4) denote derivatives with respect to y taken in the appropriate
direction, and the upper (lower) sign in (1.4) defines the direction of characteristics of
the first (second) set.

2, Let it be required to define the nozzle contour ag which would ensure the maxi-
mum of thrust X for a known supersonic flow at entry, i, e, to the left of a certain char-
acteristic @¢ of the second set, as shown on Fig. 1, where characteristics of the first and
second sets are drawn in thin lines, The nozzle maximum length X, its surface area,
etc, may be prescribed in addition,

Generally, for reasons stated in the previous-
y 07 ously considerd problems, there exists at point
a -a kink (absence of curvature constraints is
assumed), and if the (nozzle) length is limited,
the optimal contour may be provided with an
end face bgwhere £ = X.

We shall confine ourselves to the case in
which at point @ a flow past a convex angle
is realized, with the pressure p*on the pre-
sumed end face constant and independent of
the unknown contour form(absence of flow of
gas past the end face, or its part during the
variation of these is assumed), Then, with an
approximation to the negligibly small terms

and factors b <
x= S y'pdy + \ y'pdy
a b
and the possible m isoperimetric conditions will be presented in the form
b
Kj = S(Pj (!I, xz, I', v, p, P) d!/ + § ‘POJ (y! z, x') dy i=1,...,m) (2'1)
a b
where K7 are given constant, and q)" and 'q)°5 known functions ; subscripts a, b... (except
subscript §) denote parameters at corresponding points, and integration is carried out
along the nozzle contour,
Due to particle lag a layer of particle-free gas is usually formed along the wall [13
and 14], and this has been taken into account in (2,1). In principle particles may still
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reach the wall, which generally is undesirable, Taking this into account we shall con-
sider out of all possible contours defined by Eq. & == § (y) only those for which

c(y)_g(y)>[{>0 for YaQYSY (2-2)
where £ = §{ (¥) is the equation of the particle streamline g}’ bounding from below
the particle-free gas, as shown on Fig.1 by the dotted line, and H is either given constant,
or a known function of y.

3, In order to solve the problem we compile the functional

b’

1=S [o+a(v—2)] dy+Sde+ S o [By (08" —,) + BaLs +

+ BsLe + BuLgl dy + SGS (Z Pl + ps Z P'kLk) dz dy

k=1 k=56

m
@ (y, z, 7', v, P, 0, M) = ¥’p+ ) M9 (3, 2, ', v, p, p)

i=1

m
F(yl z, z', A') = yvp+ + 2 qu)o} (y1 z, x')
=1
Here A; are constants. @ = a (y), f; = P (y) and py = p; fz, y) are variable
Lagrange mulipliers, and G the sousht contour influence region generally bounded by
the last characteristic of beam ah, the axis of symretry hd, the first-set character-
istic db and the contour ab itself,
For permissible variations the variations in J and % coincide by virtue of (1.1) —
(1.3) and (2.1).
The conditions necessary for maximum X defining the optimal contour form are
obtained from the analysis of the first variation 7y = 6. Such countours @b may in
accordance with (2, 2) consist of sections of two kinds (Fig. 1), viz, , sections ak and mb

where =L —EW-—H>0 (3.1)
and the nozzle contour may be arbitrarily varied, and also of sections (one of such sec-
tions %m.is shown on Fig. 1) where

z=f(y -8 —-—H=0 (3.2)

and the only permissible variations are those which increase the distance between the
wall and the boundary streamlinea’d’, i. e, such that 8z > 0. Junction points of the
various contour sections will generally be kink points. Segments satisfying (3, 1) may
also connect at the kink points, Boundary line a’'b’,as well as other particle streamlines
along which z'==u,/v, have by virtue of the partic’l'e equations of motion less than two
continuous derivatives ({" and {'’) when H > 0.

The variation of I is carried out in conformity with [1, 2 and 15]. Special consider-
ation must be given to variation in kink point positions [15], and lines of discontinuity
of the Lagrange multipliers are permitted [2,and 15]. When varying the ends of sections
(3.2) translations in the direction of z’ = {’ (y) only are arbitrary, while translations in
other directions are bounded by condition 8z > 0. Because of the absence of particles
along ap it is furthermore considered that §p = — pubu — pvdv, 6p = a™® bp.
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4, The selection of Lagrange multipliers is made in such a way as to obtain the dis-
appearance of all variations in 8% ,except 8% along sections (3.1) and 8z along sec-
tions (3.2), and of the kink point coordinate increments, Such a selection is possible for
any arbitrary contour (not necessarily the optimum one), and leads to equations with
boundary conditions which define the Lagrange multipliers,

The equations of M4,..., Py in their continuity subregions of the influence area
abdha are equivalent to the following differential relationships :

um'+vu=’+pua'~m(u’+ﬁ)—pa(v’+ )= (s g+
ke 0+ B P — 1B o e B (et 1) — 0, [P W)+ P ()] = 0

Ulls'+vhplh"—l‘1—‘,‘“"‘- l‘z—p*v'—l‘r‘;?l"—'

vh vv Vv N
’—lh——p-p- P'—PaT—Pch97+l"a'p——P.p(P)=0 (4.1)
fulfilled along the gas streamlines (1, 2), and to two equations corresponding to the two

values of &' in (1, 4)

vty + =

vy’ —u

u + (4.2)

" ups’ + @ + uz) ' — py (2
ur'4+v , v’ — u

vz’—uv ,+vx'—-uvv)__ ( v wo'
o P e R\ L

— ”y:"vvx') — ua—(ux + v) — {“’ 2 pp 4 T o, (—'v‘—) +

R o ) S — — ) — n__@F—u N
+ 252 ok, — B by (v —u) (fe— 2'f,) [1+z’ - ]_p_}_

+

— B (o' —u) [P (W) —'P (v) + p (vz' — u) P (1) — p, (1 + ™) P (p) = 0

which hold along the characteristics of the first and second sets of (1,4), Primes in(4.1)
and (4, 2) denote as before the total derivatives with respect to ¥ taken along correspond-
ing directions, and

Bl | 9,
P(r)_' p ar+ P 73—'._

of
lh —u)-=4
7"‘ [(us u) a,.
+ (v, — ) a, "+ 3 ] Be g — Mo — Mo
where r denotes any of the parameters on which f and ¢ depend,

Multipliers lla, »Mg which inwoduce inte I the equations of particle motion are
required in area @’ b'dha’}only, and are defined here by the system

VXTI T —~Vf——ua(u + 250, +”"’) (4.3)
—Po(v'-f-—Ps +v;s)'—'l"7-—"-p'sea -——P(v,)—z'P(u,):O
Uty """("’ljx‘*‘ P'zfu)"‘!‘a——"-l"v vv,

v,C,p.,, - l"sCuva ("E; s+ '—y") —P (Tl) =0
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ey = [paly = [paly = pdy = 0

i.e, multipliers  y,,,., Ji4are continuous when crossing a’b’.

Multipliers p,, .. ,jtq may be discontinuous not only along line a’}’, the boundary
of the two different flow regions in crossing which all of the normal derivatives of gas
parameters become discontinuous, but also along certain of the characteristics of the
first and second set, If [p,] is the difference of pon the two sides of discontinuity,
then along such characteristics

£ 0l + [pad =0, (u— o) [p) +p lps) = 0
{ps) + &, [ngd = 0, [pgl = [pgd = [pa] = [psl = 0

These equalities together with the differential equation which is obtained by substitut-
ing in (4 2) for .py, .., p, their jumps, and omitting terms proportional to g, .., P ,
completely defines the changes of Lagrange multiplier jumps along the discontinuity
lines,

After the necessary integration we obtain

(4.9)

v
(el = k% ((uz ) (u—vx))/ exp (QU dy) (i=1,2) (4.10)
0

where the constant of integration k, (k,) corresponds to the case in which the discontinu-
ity is a characteristic of the first (second) set, and U is a function of the stream parame-
ters equal to

2p (ux’ +v) af, '(3',, af, ) af_v)
ardy bl i T S T
V=V lox—uyf of af of f]
TR, [ P ("‘a— Fu')"(”—“)’—-‘(1+z’) e
af, af,, 142 [ 0 af '
+P"’"““’(W"*’7§)+%( —af‘—’ - x'—l+”'u)+
v —u [ 8 ' ]
+_Php fe—au—%1y +=¢ —p vz’ —u) ap
1422 o9 o (v’ — u)? (V,—V)i+gqg
T +[1+ T ] =

5. Besides the contour kink points which in accordance with the last condition of
(4.4) result in the discontinuity of multipliers ,,.., jt4 along the characteristics
reaching these points (ek and fm in the case shown on Fig, 1) there is yet another
cause of discontinuity formation defined by relations (4, 9) and (4, 10),

We shall prove that, as in the derivation of (4,10), we have along db

' P h ¢ 5.1
— 1/av .
b=k (Gra—my) e ({U4) &1
o
and that at point b in accordance with the first and last of conditions (4. 4)

, 1 ¥
oy = v | S | e (— S,) va)

Hence, for example, in the plane case (v = 0) all along db including point'd multi-
plier i, is also different from zero when v, 5=0. However, along segment kd of the
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axis of symmetry we have by virtue of the last but one of conditions (4.4) p, =0, con-
sequently the characteristic of the second set reaching d is a line of discontinuity of
multipliers p, ,.., pg. Taking into account that along the axis » = 0, and that z'

for the first and second set characteristics differ as to their signs only, we find from(5.1)
and (4.10) that for v=0 -the discontinuity along "reflected" characteristic of the second

set is defined by Formula (4, 10) ky= ki) —1 (5.2)
s=mV — 2

if [py] is taken as the difference of values of [;to the left and right of the charac-
teristic,

It is evident from (5.1) that in the axisymmetric case pgy = O when k) == 0, hence,
the condition Mg = 0 is not violated at point d. It.can be shown, however, that while to
the left of d the magnitude M2x = Oy/02 is identically zero, in the case of ¥ = 1
the magnitude Mex tends to infinity as y~'/* when approaching the axis of symmetry
along db . This leads to the conclusion that the reflected characteristic dn is a line
of discontinuity of not only of Msk, but also of the multiplier p,itself, Here, as in the
plane case, k, in(4.10) is determined from (5. 2).

Without going into the details of a rather cumbersome proof of the adduced statements,
we shall note that it is based on the use of semicharacteristic variables »E' where §* is
a constant along every characteristic of the ith set, with variables y&' used for analy-
zing the behavior of i, along db, and variables 73 along the reflected characteristic,

Condition (5.2) also holds for a discontinuity reflected from the axis of symmetry and
arriving, for example, along a characteristic of the first set (as at point f on Fig.1). In
this case it is immaterial whether [p;] is taken as the difference of the left-, and right-
hand values of p;, or vice versa, It is only important to use the same definition of [p;]
for the incoming and the reflected characteristics,

A discontinuity of multipliers reaching the wall along a characteristic of the second
set is reflected along the characteristic of the first set. We denote by subscript minus
(plus) the flow parameters and the Lagrange multipliers to the left (right) of the reflec-
tion point of the wall and, as in (4. 10), subscripts 1 and 2 to the magnitudes along the
characteristic of the first and second set respectively. If the reflection point 22- is a point
at which &’ is continuous. then at that point by virtue of (4. 8) and (4. 9), and of the last
of Egs, (4.4 ) (uzy + v Z (2 ? o ).

FED = - 2 (s o —a, =R E =Ty, (5 )
where all parameters relate to the reflection point, The term (o_ — «,),0x, appears
in this case outside of the integral of 6.

The intensity of discontinuity along the characteristic of the first set reaching a kink
point is determined from the last equality of (4.4) written for a point of the wall to the
left of the angle point for values of R; at the upper point of the second set characteristic
bounding the rarefaction wave beam on the left, independently of whether it is one of
the characteristics of a beam of lines of discontinuity of p,,.., p,, or not (boundary
characteristics of beams emanating from k& and m, as well as other characteristics are
shown on Fig, 1 by thin lines).

8, Having selected the Lagrange multipliers in accordance with the equations and
conditions derived in the two preceding sections, we obtain for 87 the expression of the
form (variations of point g are not considered here)
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& = (UVAz + UPAy), + 2 (VWA + VPAy); +
i

+ (o —a,), bz, + S Stzdy + S Sdzdy + § [F.— (Fx)] 0zdy (6.1)
z( )>0 z(y)=2 b
The first two integrals are taken here along ql;, and summation is carried out at all
kink points, Ax and A Yy .are the coordinate increments of these points, n is the point
of continuity of &’ which is the point of reflection of discontinuity of multipliers
M, ..., p, if there are several such points one more summation sign is to be added in

(6.1)).
Coefficients U and V() ,and § are defined by Formulas
U =(@p +a).— Fpryy, UD=(®—2'0p —az’).—F
©_ i+ 1
V7 = (Qpnta.— Qpy—a,); — Bvdu 4 ps (vdv + ry dp )+

-

+

+ od (V) + P (vdh — dp)]
VP =[(® — 2'Dp —az’).— (P — 2'Dp —az’),}; + ,S+ [pq (udu + % dp) +

+ poudv + pgd (P;-) + i (udh— %dp)]

§ =0 — (D) —a’ + v (E'pa —p1) u" —pps [(p)" + vy~pv]
The integrals in the expression of V(") are computed at the angle point, i.e, for
values y = y; and z = zj,and 2’ = u/v,

If the contour @g is an dptional one (i, e. yields maximum %), then in accordance
with (6,1) and (5, 3) it must satisfy the following necessary conditions

S=0 forz(y) >0, S>0 for z(y)=0 (along ab)
Fy— (Fx)' > O(along bg), U >0, UP=0
Vi =VP=0 for 5(4)>0 (6.2)

V% () + Vi >0, V@50 for z(y;) =0
[alen=0 for (8. —§,)a=0

in which the conditions at point & have been written for the case of y;, < Y, only.

It is evident from the last condition of (6.2) that the second set characteristics which
are lines of discontinuity of the Lagrange multipliers are in the case of an optimal con-
tour either absent, or reach kink points of the wall contour, i, e, they belong to the cor-
responding rarefaction wave beams. Hence, in accordance with (5.1),(5.2) and (4.10)
either v, =0, or n is an angle point (Fig, 1), This situation will repeat itself until a
characteristic of the first set emanating from the next following angle point intersects
characteristic ah. If d,” =0 which happens, for example, in the absence of isoperimet-
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ric conditions, then equality v, = ( cannot generally be fulfilled. At the same time

10,

11,

two additional arbitrary selections correspond
at each angle point to the two equalities
appeafing in (6.2) when z (y,) > 0, viz., the
Zh~coordinate, and the magnitude of the kink
. (8 — ¥_)a- Thus, if the closing character-
- istic of an optimal contour begins at the axis
of symmetry outside of the initial rarefaction
- wave fan, and provided there are no shock
I waves in the influence area, then such a con-
tour will have along section ab not less than
one kink point (notations on Fig,2 are the
same as on Fig, 1).

y

S«

Fig. 2

Authors are grateful to L, E, Sterin for bringing this problem to their attention
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ON THE STABILITY OF A PLANE COUETTE FLOW
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Sufficient stability conditions (1. 8), (1.10) are defined. Stability for large Reynolds num-
bers R is analyzed by asymptotic and numerical methods; it is shown that the flow is
stable for R — oo

1, The stability of plane Couette flow is determined by the eigenvalues of the prob-
lem condidered in [1]

(D*—a?)g —iaR (y—c)(D*—a)p =0 ( _i)
Dy (1) =g (1) =0 (—1I<ysh) S

The flow is stable if for any values of the Reynolds number R and of the wave num-
ber a, all of the eigenvalues ¢ = ¢, 4+ ic; have a negative imaginary part,

Investigators [2 — 8] of the problem (1,1) assumed the flow to be stable; this assump-
tion had not been completely substantiated thus far, however, because either particular
values of parameters R and a, or special eigenvalues only had been considered. The
particular case of R —-o0o0 is considered below, but in contrast to papers [2 and 5 — 7]
only one of the quantities (*) e = (aR)~, Py

(1.1)

= ag
which express the eigenvalues is assumed to be small,
The characteristic relationship of problem (1.1) can be presented in the form [2]

*) The case of small & and arbitrary § was inaccurately analyzed in [6], see [2 and 5],



